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FIBRED KA¨HLER AND QUASIPROJECTIVE GROUPS.
FABRIZIO CATANESE
(UNIVERSITA¨T BAYREUTH)
THIS ARTICLE IS DEDICATED TO ADRIANO BARLOTTI ON THE OCCASION OF
HIS 80-TH BIRTHDAY.
Abstract. We formulate a new theorem giving several necessary and suf-
ficient conditions in order that a surjection of the fundamental group pi1(X)
of a compact Ka¨hler manifold onto the fundamental group Πg of a compact
Riemann surface of genus g ≥ 2 be induced by a holomorphic map. For
instance, it suffices that the kernel be finitely generated.
We derive as a corollary a restriction for a group G, fitting into an exact
sequence 1 → H → G → Πg → 1, where H is finitely generated, to be the
fundamental group of a compact Ka¨hler manifold.
Thanks to the extension by Bauer and Arapura of the Castelnuovo de
Franchis theorem to the quasi-projective case (more generally, to Zariski
open sets of compact Ka¨hler manifolds) we first extend the previous result
to the non compact case. We are finally able to give a topological character-
ization of quasi-projective surfaces which are fibred over a (quasi-projective)
curve by a proper holomorphic map of maximal rank, and we extend the
previous restriction to the monodromy of any fibration onto a curve.
1The research of the author was performed in the realm of the SCHWERPUNKT ”Globale
Methode in der komplexen Geometrie”, and of the EAGER EEC Project.
Date: February 16, 2003.
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1. Introduction
The history of fibrations of algebraic (or Ka¨hler) manifolds f : X → C over
curves C of genus at least 2, called classicaly irrational pencils, has a long
history.
Around 1905 almost simultaneously De Franchis and Castelnuovo-Enriques
([D-F05], [Cast05-2]) found that the existence of such a fibration is equivalent
to the existence of at least 2 linearly independent holomorphic 1-forms whose
wedge product yields a holomorphic 2-form which is identically zero.
Hodge theory was yet to be developed and only much later ([Cat91]) it was
shown that combining the Hodge decomposition with the theorem of Casteln-
uovo De Franchis one obtains a topological characterization of such fibrations
via any subspace in De Rham cohomology obtained as the pull-back of a max-
imal isotropic subspace in the cohomology of C.
Other topological characterizations in terms of the induced surjection of
fundamental groups f∗ : π1(X)→ π1(C), or other statements in this direction,
had been earlier obtained by several authors (cf. Jost-Yau and Siu, [Siu80] ,
[J-Y83], [J-Y85], [Siu87], who used the theory of harmonic maps, Beauville,
[Beau], used instead the generic vanishing theorems of Green and Lazarsfeld,
[G-L87]).
In [Cat96] I tried to show how the isotropic subspace theorem, which predicts
the genus of the image curve C (it equals to the dimension of the corresponding
maximal isotropic subspace), unlike the other statements, could be used to
obtain also simple proofs of statements concerning surjections of fundamental
groups, as the one given by Gromov ([Gro89]).
Hodge theory also works for quasi-projective manifolds, and it turns out
that in the non compact case it works much better than the other methods
([Ba97], [Ara97]). These results were then used in [Cat00] to give topological
characterizations of varieties isogenous to a product and of isotrivial fibrations
of surfaces.
Kotschick ([Kot99]) instead used very similar methods to give a topological
characterization of Kodaira fibrations, which was independently also obtained
by Hillman ([Hil00]).
Our first motivation was to extend this result to any fibration, a goal that
we have achieved in the following
Theorem 6.4. Assume that U is a non complete Zariski open set of an
algebraic surface and that the following properties hold:
• (P1) we have an exact sequence
1→ Πr → π1(U)→ Fg → 1
where g ≥ 2.
• (P2) The topological Euler-Poincare’ characteristic of U , e(U), equals
2(g − 1)(r − 1).
• (P3) For each end E of U , the corresponding fundamental group πE1 sur-
jects onto a cyclic subgroup of Fg, and each simple geometric generator
γi has a non trivial image in Fg.
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Then U is a good open set of a fibration, more precisely, there exists a proper
holomorphic submersion f : U → C inducing the previous exact sequence.
To this purpose, we started to put together the existing results, both in the
compact and in the non- compact case, with some small addition: we refer to
Theorems 4.3 and 5.4 for full statements.
We only indicate here some new results therein:
Theorem A.
Let X be a compact Ka¨hler manifold, and assume that its fundamental group
admits a non trivial homomorphism ψ to the fundamental group Πg of a com-
pact Riemann surface of genus g ≥ 2, with kernel H.
Then the following conditions are equivalent
• 4) ψ is induced by an irrational pencil of genus g without multiple fibres
• 5) ψ is surjective and its kernel H is finitely generated
Theorem A’.
Let X be a compact Ka¨hler manifold and Y = X − D be a Zariski open
set. Assume that the fundamental group of Y admits a homomorphism ψ :
π1(Y )→ Fg to a free group of rank g, with kernel H.
Then the following are equivalent
• 1’) ψ is induced by a pencil f : Y → C of type g without multiple fibres
and by a surjection π1(C)→ Fg.
• 2’) ψ is surjective and the kernel H of ψ is finitely generated
The new ingredient here is a remarkable property of free groups and of the
fundamental groups of compact curves of genus g ≥ 2.
This property is that every non trivial Normal subgroup of Infinite index is
Not Finitely generated.
We abbreviate this property by the acronym NINF, and we devote section
3 to establishing this result for the above mentioned groups.
This property plays an important role, for instance it shows that, contrary
to what is stated by some author, the kernel of the homomorphism between
fundamental groups f∗ : π1(X) → π1(C) needs not be finitely generated, it is
finitely generated if and only if there are no multiple fibres.
In the case where there are multiple fibres, one can take a ramified base
change which eliminates the multiple fibres, and indeed one could extend The-
orems A, A’ to include the case where H is not finitely generated, but we
believed that the results stated in this article are already sufficiently compli-
cated, so we omitted to treat this extension.
We prefered instead to concentrate on some important consequence, concern-
ing the monodromy of fibrations over curves. For instance, putting together
Theorem A with the old isotropic subspace theorem we obtain
Corollary 7.3
If a finitely presented group Γ admits a surjection Γ → Πg with finitely
generated kernel H, then Γ cannot be the fundamental group of a compact
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Ka¨hler manifold X if there is a non zero element u ∈ H1(H,Z)Πg such that
cup product with u yields the identically zero map
H1(Πg,Z)→ H
1(Πg, H
1(H,Z)).
We then spell out in detail the meaning of degeneracy of the above cup
product: it means that there exists a bad monodromy submodule.
By extending everything in the non compact case one obtains then a restric-
tion for the monodromy of fibrations over curves which is in the same spirit as
Deligne’s semisimplicity Theorem (4.2.6 of [Del 71]).
2. Notation
• Πg denotes the fundamental group of a compact Riemann surface Cg
of genus g ≥ 2, Πg :=< a1, . . . ag, b1, . . . bg|[a1, b1] . . . [ag, bg] = 1 > .
• Fg denotes a free group of rank g ≥ 2
• X will be a compact Ka¨hler manifold
3. Non finitely generated subgroups
This section is devoted to a remarkable property enjoyed, for g ≥ 2, by
the free groups Fg and by the fundamental groups Πg of a compact Riemann
surface Cg of genus g ≥ 2.
Definition 3.1. A group G is said to satisfy property NINF (to be more
precise, but less concise, we should call it NIINFG) if every normal non
trivial subgroup K of infinite index is non finitely generated.
We shall also say that G is a NINF .
The application of the above notion that we shall need is the following
Lemma 3.2. Let 1 → A → Π → B → 1 be an exact sequence of group
homomorphisms such that
• 1) A is finitely generated
• 2) B is infinite
• φ : Π→ B factors as ρ ◦ ψ, where ψ : Π→ G is surjective
• 3) G is a NINF
Then ρ : G→ B is an isomorphism.
Proof. Let j : A → Π be the inclusion and define K ′ := ker(ψ ◦ j), K :=
ker(ψ). Then K ′ = K since K ⊂ A = ker(φ).
Set A′ := A/K, so A′ injects into G = Π/K. Moreover, A′ is normal in G
with quotient B = Π/A which is infinite by assumption. Since A′ is finitely
generated, as a quotient of A, and G is a NINF it follows that A′ is trivial.
Whence, A = K and ρ : G→ B is an isomorphism, as desired. 
Lemma 3.3. A free group Fn enjoys property NINF .
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Proof.
W.l.o.g. assume we may assume n ≥ 2. We view Fn as the fundamental
group π1(Y ), where Y is a bouquet of n circles.
Let Z be the covering space corresponding to a normal subgroupK of infinite
index.
Z is indeed the Cayley graph for the infinite group G := Fn/K with respect
to the finite set of n generators, g1, . . . gn, corresponding to the surjection
Fn → G.
If K is non trivial, then Z is not simply connected, and there is a non
trivial minimal closed simplicial path ξ based on the base point x0 = 1 :
(x0 = 1, x1 = γ1, . . . xm = γ1 . . . γm), where the γi ’s belong to the given set of
generators {g1, . . . gn}.
Let M ⊂ G be the set {x0 = 1, x1, . . . xm} and let M
′ be the finite set
MM−1 ⊂ G.
Since G is infinite , there exist infinitely many hα’s such that hα /∈ hβM
′ for
α 6= β.
Whence, for α 6= β and ∀xi, xj , we have hαxi 6= hβxj . It follows that the
cycles hα(ξ) are homologically independent.
A fortiori, we have shown Rank(H1(Z,Z) =∞ and K is not finitely gener-
ated.

Lemma 3.4. A fundamental group Πg enjoys property NINF for g ≥ 2.
Proof. Let Γ be a nontrivial normal subgroup of Π := Πg, and let f : D → C
be the corresponding unramified covering of a compact Riemann surface of
genus g. We have g ≥ 2, whence we may view D as a quotient of the upper half
plane H by the action of the group Γ acting freely and properly discontinuously.
As in [Sieg73], thm. 4, page 35 , we consider fundamental domains, FΠ resp.
FΓ, bounded by non-euclidean segments (possibly also lines or half-lines).
While FΠ has finite area, the area of FΓ is the area of FΠ multiplied by the
index of Γ, whence FΓ has infinite area.
Assume that Γ be finitely generated: then ( cf. [Bear83] Thm. 10.1.2 ,
page 254) there is such a fundamental domain FΓ with finitely many sides.
Since however its area is infinite, it cannot be a non Euclidean ideal poly-
gon, and there are intervals in the real line P1
R
which need to be added for a
compactification of FΓ.
Let us recall the following standard definitions (cf. [Sieg73], and especially
[Se-So92], [Bear83])
Definition 3.5. • 1) A subgroup Γ of PSL(2,R) acting properly discon-
tinuosly on H is called a Fuchsian group (more generally, a Fuchsian
group is a conjugate in PSL(2,C) of such a subgroup).
• 2) Γ is properly discontinuos if and only if it is discrete in PSL(2,R)
• 3) The Limit Set L(Γ) is defined as
L(Γ) := ∪z∈H(Γz ∩ P
1
R
).
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• 4) Equivalently, (cf. [Se-So92], page 108)
L(Γ) := {z ∈ P1
R
|∃γ ∈ Γ, γ 6= 1, s.t.γ(z) = z}.
• 5) A Fuchsian subgroup Γ is said to be of the I Kind if L(Γ) = P1
R
(else,
it is said to be of the II Kind).
We have (cf. e.g. Lemma 3.12.2, page 108 of [Se-So92]) that if H/Γ is
compact, then Γ is of the I Kind. This implies a consequence for our group Π.
In fact, since Π normalizes Γ, then Π carries the limit set L(Γ) to itself.
Let I be an interval in the real line P1
R
which is in the boundary of FΓ. Since
Π is of the I Kind, there is x ∈ I and g ∈ Π− {1} such that gx = x.
Since, as we observed, g(L(Γ)) = L(Γ), g carries the interior of the comple-
ment to L(Γ) in P1
R
to itself. Let the interval (a, b) be the connected component
of this interior containing x. Since moreover gx = x, g carries (a, b) to itself.
Assume that a 6= b : then g2 has three fixed points ( a, b, x), thus g2 is the
identity, contradicting the hyperbolicity of g.
If however a = b, this means that the limit set L(Γ) consists of a single point
a (fixed by each g ∈ Π) : contradicting that Γ is of the I Kind.
Q.E.D.
4. Mappings to curves
If a manifold X is fibred ( with connected fibres) onto a curve C, certainly
we have a surjection of fundamental groups π1(X)→ π1(C).
In fact, let p1, . . . pr be the critical values of f , and set C
∗ := C−{p1, . . . pr},
X∗ := f−1(C∗): then we have surjections π1(X
∗)→ π1(X) , π1(C
∗)→ π1(C),
and an exact homotopy sequence
π1(F )→ π1(X
∗)→ π1(C
∗)→ 1.
It suffices to observe that the surjection π1(X
∗) → π1(C) factors through
π1(X)→ π1(C).
If however there is a non trivial holomorphic map F : C → C ′, such that F
does not factor as F = F ′ ◦ F”, where F ′ is unramified, then it is not difficult
to show that there is a surjection of fundamental groups F∗ : π1(C)→ π1(C
′).
This is the reason why one needs some extra assumptions on a surjection
of fundamental groups π1(X) → π1(C
′) in order to decide whether the corre-
sponding map is a fibration (i.e., it has connected fibres).
Recall (cf. e.g. [C-K-O-03], Lemma 3 , page 283) the following
Definition 4.1. Let mi ,∀i = 1, . . . r, be the G.C.D. of the multiplicities of the
components of the divisor f−1(pi) (p1, . . . pr are again the critical values of f).
Then the orbifold fundamental group πorb1 (f) is defined as the quotient of
π1(C − {p1, . . . pr}) by the subgroup normally generated by {γ
mi
i }, γi being a
simple geometric path around the point pi.
As a corollary of the results of the previous section we have
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Lemma 4.2. If X admits a surjective holomorphic map f with connected fibres
f : X → C where C is a Riemann surface of genus g ≥ 0, then the induced
homomorphism f∗ : π1(X) → Πg is surjective, and its kernel H is finitely
generated exactly when g = 0 or when g ≥ 1 and there are no multiple fibres,
i.e., πorb1 (f)
∼= π1(C).
Proof. As well known (cf. e.g. a slightly general version given [C-K-O-03],
Lemma 3 , page 283, whose notation we will follow) we have an exact sequence
π1(F )→ π1(X)→ π
orb
1 (f)→ 1
where F is a smooth fibre of f , and, p1, . . . pr being the critical values of
f , and mi, ∀i = 1, . . . r, being the respective G.C.D. of the multiplicities of
the components of the divisor f−1(pi) ,the orbifold fundamental group π
orb
1 (f)
is defined as the quotient of π1(C − {p1, . . . pr}) by the subgroup normally
generated by {γmii }, γi being a simple geometric path around the point pi.
Let ψ := f∗. Thus ker(ψ) contains the normal subgroup K, image of π1(F ),
which is finitely generated since F is compact, and the cokernel ker(ψ)/K is
isomorphic to the kernel of ρ : πorb1 (f)→ π1(C).
Therefore ker(ψ) is finitely generated if and only if kerρ is finitely generated.
This is then the case for g = 0, so let us assume that g ≥ 1. If we moreover
assume that there are no multiple fibres, then ρ is an isomorphism, and we are
again done.
Otherwise, πorb1 (f) is a Fuchsian group and the same proof as in Lemma
3.4 shows that πorb1 (f) is NINF . Then kerρ is finitely generated if only if
it is trivial: since the alternative that its index be finite is ruled out by the
condition g ≥ 1.
Finally, if kerρ is trivial, then ρ is an isomorphism, and by looking at the
Abelianization we see that r = 1. But then the orbifold fundamental group
πorb1 (f) is a free product of a free group of rank 2g − 1 with a cyclic group of
order m1 and its Abelianization is then not a free Abelian group of rank 2g, a
contradiction.
Q.E.D.
Theorem 4.3. Let X be a compact Ka¨hler manifold, and assume that its
fundamental group admits a non trivial homomorphism ψ to the fundamental
group Πg of a compact Riemann surface of genus g ≥ 2, with kernel H.
Then the following conditions are equivalent
• 1) ψ is induced by an irrational pencil of genus g i.e. there is a sur-
jective holomorphic map f with connected fibres f : X → C such that
ψ = f∗, and where C is a Riemann surface of genus g.
• 2) ψ is surjective and the image of ψ∗ : H1(Πg,Q) → H
1(X,Q) con-
tains a g-dimensional maximal isotropic subspace (for the bilinear pair-
ing H1(X,Q)×H1(X,Q)→ H2(X,Q))
• 3) ψ induces an injective map in cohomology ψ∗ : H1(Πg,Q) →
H1(X,Q), and the image of ψ∗ contains a g-dimensional maximal
isotropic subspace
likewise, the following conditions are also equivalent to each other
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• 4) ψ is induced by an irrational pencil of genus g without multiple fibres,
i.e. , for each fibre F ′ the equation of divisors F ′ = rD, with r ≥ 1,
implies r = 1.
• 5) ψ is surjective and its kernel H is finitely generated
Proof. We observe first that 2) implies 3) follows since a surjective homo-
morphism induces a surjective homomorphism between the abelianizations,
and dualizing one obtains an injective homomorphism in cohomology.
Recall that, by the isotropic subspace theorem of [Cat91], given a maximal
isotropic subspace V ⊂ H1(X,Q), of dimension g, there is a holomorphic
fibration onto a curve C of genus g such that V ⊂ f ∗(H1(C,Q)).
Now, 1) implies 2) because, if the pull back of a maximal isotropic subspace
from the given curve C is not maximal, then we have another fibration f ′ :
X → C ′ to a curve of genus g′ > g such that f ∗(H0(C,Ω1C)) ⊂ f
∗(H0(C ′,Ω1C′),
whence f factors through f ′, contradicting the fact that f has connected fibres.
Let us show that 3) implies 1). The isotropic subspace theorem gives us the
desired f : X → C, where C has genus g.
Since however C is a classifying space for Πg, there is a continuous map
F : X → C such that ψ = F∗.
Compose both maps with the Jacobian embedding α : C → J and ob-
serve that by the proof of the isotropic subspace theorem the two subspaces
f ∗(H1(C,Q)) and F ∗(H1(C,Q)) coincide.
Therefore the two maps α ◦ F ,α ◦ f are given by integrals of the same
differentiable 1-forms, hence there is an isogeny p : J → J such that α ◦ f =
p ◦ α ◦ F . We get thus, up to changing F in its homotopy equivalence, a
factorization f = p′ ◦ F . Thus, p′ is surjective, and actually it has degree 1
or otherwise f ∗(η) , with (η) the positive generator of H2(C,Z)), would be
divisible, contradicting that f has connected fibres.
The conclusion is that f and F are homotopy equivalent, thus ψ = F∗ = f∗.
The implication 4) → 5) is exactly lemma 4.2, so we are left with showing
that 5) implies 4).
Now, 5) implies that the image of ψ∗ contains a g-dimensional isotropic
subspace. Assume this subspace not to be maximal: then there is a fibration
f : X → C where the genus g′ of C is strivtly larger than g.
Argueing as we did before, we find a factorization of ψ through f ′∗.
Since ψ is surjective, Lemma 3.2. applies and we get that g′ = g, and ψ = f∗.
Finally, f has no multiple fibres again by Lemma 4.2.
Q.E.D.
5. The logarithmic case
In this section we shall generalize the results of the previous section to the
case where we have a Zariski open set Y in a compact Ka¨hler manifold X . One
may assume w.l.o.g. that the complement X − Y is a normal crossings divisor
D. We shall consider holomorphic maps f : Y → C, where C is Zariski open
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in a compact curve C¯, and the map f is meromorphic on X , whence there is
another compactification X¯ of X where f extends holomorphically.
When we shall say that f is a pencil, we shall mean that f is as above, that
the extension f¯ of f has connected fibres, and that f is surjective (Arapura
calls these maps admissible maps). We shall denote by B the complement
C¯−C, because quite often it will be the branch locus of a fibration of a compact
manifold.
However, X will not necessarily be non compact, the reason for this being
that we shall here consider surjective homomorphisms π1(X) → Fn to a non
Abelian free group.
Notice moreover that
• any automorphism of Πg composed with the standard surjection p :
Πg → Fg such that p(ai) = p(bi) = xi produces a maximal isotropic
subspace of H1(C,Z).
• there is a surjection p : Πg → Fn iff g ≥ n (since Im(p
∗) is an isotropic
subspace of dimension n).
The next theorem extends the results of I. Bauer and D. Arapura (Thms
2.1. and 3.1 of [Ba97] and Cor. 1.8 of [Ara97], cf. also thm. 2.11 of [Cat00])
using the new ideas introduced in the previous sections.
Observe that also in this context a pencil induces a surjective homomorphism
of fundamental groups.
Definition 5.1. Let f : Y → C be a pencil as above. We shall say that f is
of type g if either
• C is compact of genus g ( then π1(C) ∼= Πg )
• C is not compact and its first Betti number equals g ( then π1(C) ∼= Fg
).
Definition 5.2. Let f : Y → C be a pencil as above.
We may assume that f extends to a holomorphic fibration F : X → C¯. We
can separate the complementary divisor D = X − Y into three parts :
• Dhor : the union of the components dominating C
• DFV ert: the union of the fibres over C¯ − C
• DPV ert: the union of the components mapping to points of C.
We define then the orbifold fundamental group of f by the usual procedure:
let p1, . . . pr be the critical values of f , and mi, ∀i = 1, . . . r, be the respective
G.C.D. of the multiplicities of the components of the divisor f−1(pi). Then
the orbifold fundamental group πorb1 (f) is defined as the quotient of π1(C −
{p1, . . . pr}) by the subgroup normally generated by {γ
mi
i }, γi being a simple
geometric path around the point pi.
Lemma 5.3. Let X be a compact Ka¨hler manifold and Y = X−D be a Zariski
open set. If Y admits a pencil f : Y → C, then the induced homomorphism
f∗ : π1(X)→ π1(C) is surjective, and its kernel H is finitely generated exactly
when g = 0 or when g ≥ 1 and there are no multiple fibres, i.e., πorb1 (f)
∼=
π1(C).
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Proof. We use once more the exact sequence (the situation being more
general, but the proof exactly the same as in [C-K-O-03], Lemma 3 , page 283)
π1(F )→ π1(X)→ π
orb
1 (f)→ 1
where F is a smooth fibre of f which is transversal to Dhor.
Let ψ := f∗. Thus ker(ψ) contains the normal subgroup K, image of π1(F ),
which is finitely generated since F is of finite type, and the cokernel ker(ψ)/K
is isomorphic to the kernel of ρ : πorb1 (f)→ π1(C).
Therefore ker(ψ) is finitely generated if and only if kerρ is finitely generated.
Assume that there are no multiple fibres: then ρ is an isomorphism.
Otherwise, πorb1 (f) is a Fuchsian group and the same proof as in Lemma 3.4
shows that πorb1 (f) is NINF . Then kerρ is finitely generated if only if it is
trivial, its index being infinite for g ≥ 1.
Q.E.D.
Theorem 5.4. Let X be a compact Ka¨hler manifold and Y = X − D be a
Zariski open set. Assume that the fundamental group of Y admits a homomor-
phism ψ : π1(Y )→ Fg to a free group of rank g, with kernel H.
Then the following are equivalent
• 1) ψ is induced by a pencil f : Y → C of type g and by a surjection
π1(C)→ Fg.
• 2) ψ is surjective and the image of ψ∗ : H1(Fg,Q) → H
1(Y,Q) is
a g-dimensional maximal isotropic subspace (for the bilinear pairing
H1(Y,Q)×H1(Y,Q)→ H2(Y,Q))
likewise, the following are also equivalent to each other
• 1’) ψ is induced by a pencil of type g without multiple fibres
• 2’) ψ is surjective and the kernel H of ψ is finitely generated
Finally, the curve C is compact if and only if ψ∗(H1(Fg,Q)) is also an isotropic
subspace in H1(X,Q) (⊂ H1(Y,Q)).
Proof.
1) implies 2) : it suffices to show that ψ∗(H1(Fg,Q)) is a maximal isotropic
subspace. Assume the contrary : then, there is a strictly larger maximal
isotropic subspace V induced (cf.[Cat00], thm. 2.11) by a pencil f ′ : Y → C ′.
The pencil is induced by integrations of linearly independent forms in
H0(Ω1(logD), whence we get a factorization Y → C ′ → C: since f has con-
nected fibres C ′ ∼= C, contradicting that the logarithmic genus of C ′ is strictly
larger than g.
Assume 2): then by Arapura’s cor. 1.9 there is a pencil f : Y → C and
τ : H1(C,Z) → Z
g such that there is a factorization in homology H1(ψ) =
τ ◦H1(f).
Since ψ is surjective, then also H1(ψ) is such, whence we may lift τ to a
surjection π1(C) → F
g (since Aut(Fg) surjects onto GL(g,Z), cf. [MKS66],
sections 3.5 and 3.6).
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The equivalence of 1’) and 2’) follows as in the proof of Theorem 4.3 in view
of Lemma 5.3 . The last assertion is already contained in theorem. 2.11, loc.
cit.
Q.E.D.
6. Fibred algebraic surfaces and good open sets
In this section we shall consider a smooth compact algebraic surface, and a
holomorphic fibration f : S → C.
Definition 6.1. A good open set of a fibration will be any set of the form:
U = f−1(C −B), where B is any finite set containing the set of critical values
of f .
Remark 6.2. In the above situation one has an exact sequence of fundamental
groups
1→ π1(F )→ π1(U)→ π1(C −B)→ 1
where F is any fibre of f over a point of C −B.
The next theorem will give a topological characterization of good open sets
of some fibration.
The case where U = S was already treated by Kotschick ([Kot99], Proposi-
tion 1) and Hillman ([Hil00]), cf. also Kapovich ([Kap98]), and we only prove
an ǫ2 more general result:
Theorem 6.3. Assume that S is a compact Ka¨hler surface and that we have
an exact sequence
1→ Πr → π1(S)→ Πg → 1
where g ≥ 2. If moreover the topological Euler-Poincare’ characteristic of
S, e(S), equals 4(g − 1)(r − 1), then there exists a holomorphic submersion
f : S → C inducing the previous exact sequence.
Proof. By Theorem 4.3 we find a fibration f : S → C, where C has genus
g, inducing the given epimorphism of fundamental groups.
By the theorem of Zeuthen-Segre the Euler-Poincare’ characteristic of S,
e(S), equals 4(g−1)(s−1)+µ where s is the genus of a smooth fibre of f and
where µ ≥ 0, equality holding if and only if all the singular fibres are multiple
of a smooth elliptic curve. It is clear that s ≥ r.
Our assumption implies 4(g − 1)(s− r) + µ = 0, whence s = r and µ = 0.
We are therefore done in the case where r = 0 or r ≥ 2.
If finally r = 1, we are done unless there is some multiple fibre. But the
existence of a multiple fibre is excluded by Lemma 4.2.
Q.E.D.
We come now to the non compact case
Theorem 6.4. Assume that U is a non complete Zariski open set of an alge-
braic surface and that the following properties hold:
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• (P1) we have an exact sequence
1→ Πr → π1(U)→ Fg → 1
where g ≥ 2.
• (P2) The topological Euler-Poincare’ characteristic of U , e(U), equals
2(g − 1)(r − 1).
• (P3) For each end E of U , the corresponding fundamental group πE1 sur-
jects onto a cyclic subgroup of Fg, and each simple geometric generator
γi has a non trivial image in Fg.
Then U is a good open set of a fibration, more precisely, there exists a proper
holomorphic submersion f : U → C inducing the previous exact sequence.
Proof. By Thm. 5.4 we have a fibration f : U → C inducing the surjection
π1(U) → Fg → 1, and w.l.o.g. we have an extension f¯ : S¯ → C¯, where S¯
is a blow-up of S. By condition (P3) there is no component of D which is
horizontal, and each component of D pulls back to a fibre of f¯ .
It turns therefore out that there is no point of indeterminacy of f on D,
whence S¯ = S, and again by condition (P3) U is the full inverse image of C
under f¯ .
It suffices to apply the logarithmic version of the Zeuthen Segre theorem,
similarly to thm. 2.14 of [Cat00], and we conclude that ( e(U) being the
same in ordinary and Borel-Moore homology by virtue of Poincare’ duality )
e(U) = 2(g − 1)(r − 1) ≥ 2(g − 1)(s − 1) + µ, where s ≥ r is the genus of a
smooth fibre of f . Whence, as usual, 0 ≥ 2(g − 1)(s− r) + µ, thus s = r and
µ = 0. We conclude as in theorem 6.3.
Q.E.D.
Note. The next question : when is the fibration f a constant moduli fibration? was
already answered, with similar methods, in the previous paper [Cat00], cf. 5.4 and 5.7.
7. Restrictions for the monodromy
Before we present some interesting corollary of the previous theorem, we
need to recall some well known results
Lemma 7.1. Let X be a topological manifold and Γ its fundamental group.
Then H1(X,Z) = H1(Γ,Z) and H2(Γ,Z) injects into H2(X,Z).
Proof. Let X˜ be the universal covering of X , so that X ∼= X˜/Γ.
The proof is a direct consequence of the spectral sequence for group coho-
mology with terms Hp(Γ, Hp(X˜,Z)), converging to a suitable graded quotient
of Hp+q(X,Z), in view of the fact that H1(X˜,Z) = 0.

Lemma 7.2. Let 1→ H → Γ→ B → 1 be an exact sequence of groups, where
B is a finitely generated free group, or the fundamental group Πg of a compact
hyperbolic Riemann surface. Assume that:
(**) H2(B,Z) injects into H2(Γ,Z).
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Then H1(B,Z) ⊂ H1(Γ,Z) with quotient H1(H,Z)B, and the cup product
H1(B,Z) × H1(Γ,Z) → H2(Γ,Z) lands into the subgroup F fitting into the
exact sequence 0→ H2(B,Z)→ F → H1(B,H1(H,Z))→ 0.
In particular, let V a maximal isotropic subspace of H1(B,Z): then V re-
mains a maximal isotropic subspace in H1(Γ,Z)
only if (resp. : if and only if, in the case where B is free)
(***) the cup product H1(B,Z) × H1(H,Z)B → H1(B,H1(H,Z)) is non
degenerate in the second factor.
Proof.
The proof of the first assertions is a direct consequence of the spectral se-
quence for group cohomology, with terms Hp(B,Hq(H,Z)), converging to a
suitable graded quotient of Hp+q(Γ,Z), in view of the fact that , by assump-
tion (**), the differential d2 : H
1(H,Z)B = H0(B,H1(H,Z)) → H2(B,Z) is
zero.
The second assertion holds with ”if and only if” in the case where B is a
free group, since then H2(B,Z) = 0, F = H1(B,H1(H,Z)), and the question
is whether H1(B,Z) is a maximal isotropic subspace in H1(Γ,Z).
In the other case, observe that H2(B,Z) = Z, and that we can find two
maximal isotropic subspaces V, V ′ such that H1(B,Z) = V
⊕
V ′ : moreover
then the cup product yields an isomorphism of V ′ with V ∨.
If we get an element w′ ∈ H1(H,Z)B annihilating H1(B,Z), this means that
there is a lift w ∈ H1(Γ,Z) −H1(B,Z) such that w ∪ H1(B,Z) ⊂ H2(B,Z).
In particular, there is u ∈ V ∨ such that (w − u) ∪ V = 0.
We easily conclude then that the span of V and of w − u is isotropic.

Corollary 7.3. If the finitely presented group Γ admits a surjection Γ → Πg
with finitely generated kernel H, then Γ cannot be the fundamental group of
a compact Ka¨hler manifold X if there is a non zero element u ∈ H1(H,Z)Πg
such that cup product with u yields the identically zero map
H1(Πg,Z)→ H
1(Πg, H
1(H,Z)).
We want now to explicitly write down, for Π equal either to Πg or to a free
group Fg, the condition that there is a non zero element u ∈ H
1(H,Z)Π such
that cup product with u yields the identically zero map
H1(Π,Z)→ H1(Π, H1(H,Z)).
Observe first that H1(Π,Z) = HomZ(Π,Z) ∼= Z
b, where b = g in the free
case, otherwise b = 2g.
The condition that, ∀φ ∈ HomZ(Π,Z), φu = 0 in H
1(Π, H1(H,Z)) means
that there is an element vφ ∈ H
1(H,Z)) such that
∀γ ∈ Π, φ(γ)u = γvφ − vφ.
Taking a basis φ1, . . . φb, we get v1, . . . vb such that
(1) ∀γ ∈ Π, γvj = vj + φj(γ)u.
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Recall moreover that u is invariant, whence
(2) ∀γ ∈ Π, γu = u.
Conditions (1), (2), and the Z-linear independence of the characters φj im-
plies the Z-linear independence of u, v1, . . . vb since the Z-module H
1(H,Z)) is
torsion free.
Definition 7.4. A bad monodromy module is a free Z-module of rank b + 1,
with basis u, v1, . . . vb, and with an action of Π given by (1) and (2).
Example 7.5. Let H be a finitely generated group, and let 1 → H → Γ →
Πg → 1 be an exact sequence such that the induced action of Πg on H by
conjugation induces on the Z dual of the Abelianization of H a Πg -module
structure which contains a bad monodromy module. Then Γ cannot be the
fundamental group of a compact Ka¨hler manifold.
Remark 7.6. One can use the same type of restriction in the case where
U 6= X is the inverse image of the non critical values of a fibration f : X → C¯,
and obtain in this way a restriction for the monodromy in the case where C¯−B
has first Betti number at least 2.
Remark 7.7. To see finally the relation of the above condition with the theory
of Lefschetz pencils (in particular with the splitting in invariant and vanishing
cycles), let us observe that our cup product is non degenerate if we have a
monodromy invariant splitting H1(H,Z) = H1(H,Z)Π
⊕
W .
Because then we may write vφ = uφ + wφ and we obtain
∀γ ∈ Π, φ(γ)u = γvφ − vφ = γwφ − wφ ∈ W,
whence u = 0.
This splitting is proven by Deligne’s Semi-simplicity Theorem (4.2.6 of
[Del 71], cf. also thm. 9.1, page 37 , Chapter II of [Grif 84]).
References
[ABCKT96] J. Amoros, M. Burger , K. Corlette, D. Kotschick, D. Toledo ”Fundamental
groups of compact Ka¨hler manifolds ”, Amer. Math. Soc. Mathematical Surveys
and Monographs , vol. 44 (1996).
[Ara97] D. Arapura , ” Geometry of cohomology support loci for local systems I. ” , J. Alg.
Geom. 6,3 (1997), 563-597.
[B-P-V84] W. Barth - C. Peters - A. van de Ven, “Compact complex surfaces”, Springer
Ergebnisse F.3, vol. 4 (1984), Berlin Heidelberg
[Ba97] I. Bauer, “Irrational pencils on non-compact algebraic manifolds”, Int. Jour. of
Math. 8, 4 (1997), 441-450.
[Bear83] A.F. Beardon, “The geometry of discrete groups”, Springer Verlag GTM (1983),
[Beau] A. Beauville, Appendix to [Cat91], Inv. Math. 104, 289 (1991).
[Cast05-2] G. Castelnuovo, “ Sulle superficie aventi il genere aritmetico negativo”, Ren-
diconti del Circ. Mat. di Palermo, t. XX (1905), pages 501-506 of the Memorie
Scelte.
[Cast] G. Castelnuovo, “ Memorie scelte”, Zanichelli, Bologna (1937).
[Cat91] F. Catanese, “Moduli and classification of irregular Ka¨hler manifolds (and algebraic
varieties) with Albanese general type fibrations”, Inv. Math. 104, 263-289 (1991),
with an appendix by A. Beauville, page 289.
FIBRED KA¨HLER AND QUASIPROJECTIVE GROUPS. 15
[Cat96] F. Catanese, “Fundamental groups with few relations”, in ‘Higher dimensional
complex varieties”, Proc. Trento 1994, Andreatta and Peternell editors, de Gruyter,
Berlin (1996), 163-165.
[Cat00] F. Catanese, “ Fibred surfaces, varieties isogenous to a product and related moduli
spaces”, Amer. J. Math. 122 (2000), 1-44.
[C-K-O-03] F. Catanese, JH Keum, K. Oguiso “ Some remarks on the universal cover of an
open K3 surface”, Math.Ann. 325 (2003), 279-286.
[Com22] A. Comessatti, “Intorno alle superficie algebriche irregolari con pg ≥ 2(pa+2) e ad
un problema analitico ad esse collegato”, Rend. Circ. Mat. di Palermo, 46 (1922),
1 - 48.
[D-F05] M. de Franchis, ” Sulle superficie algebriche le quali contengono un fascio irrazionale
di curve ”, Rendiconti Circ. Mat. di Palermo, XX (1905), 49-54.
[Del 71] P. Deligne, ” Theprie de Hodge : II ”, Publ. Math. I.H.E.S., 40, 2 (1971), 5-57.
[E-S64] J. Eells - J. Sampson, “Harmonic mappings of Riemannian manifolds”, Amer. J.
Math. 85 (1964), 109-160.
[Fen48] W. Fenchel, “Estensioni di gruppi discontinui e trasformazioni periodiche delle su-
perficie”, Atti Acc. Naz. Lincei, Rend. Sc. fis. mat. e nat. serie 8, vol V (1948),
326-329.
[G-L87] M. Green - R. Lazarsfeld, “Deformation theory, generic vanishing theorems, and
some cojectures of Enriques, Catanese and Beauville”, Inv. Math. 90 (1987), 389-
407.
[G-L91] M. Green - R. Lazarsfeld, “Higher obstructions to deforming cohomology groups of
line bundles”, J. Amer. Soc. 4 (1991), 87-103.
[Grif 84] P. Griffiths, “Topics in transcendental Algebraic Geometry”, Annals of Math. Stud-
ies 106, (1984), Princeton Univ. Press.
[Gro89] M. Gromov, “Sur le groupe fondamental d’une variete´ Ka¨hlerienne, C. R. Acad.
Sci. Paris 308, DI (1989), 67- 70.
[Gro91] M. Gromov, “Ka¨hler hyperbolicity and L2-Hodge theory”, J. Diff. Geom. 33 (1991),
263-292.
[Hil00] J.A. Hillman, “ Complex surfaces which are fibre bundles”, Topology Appl. 100
(2000), no. 2-3, 187–191
[J-Y83] J. Jost, S.T. Yau “Harmonic mappings and Ka¨hler manifolds”, Math. Ann. 262
(1983), 145-166.
[J-Y85] J. Jost, S.T. Yau “A strong rigidity theorem for a certain class of compact complex
analytic surfaces”, Math. Ann. 271 (1985), 143-152.
[J-Y93] J. Jost, S.T. Yau “Applications of quasilinear P.D.E.’s to algebraic geometry and
arithmetic lattices ”, in ‘Algebraic Geometry and related topics’, Proc. Symp. In-
choen 1992, Yang et al ed. (1993), Int. Press Boston, 169-190.
[Kap98] M. Kapovich, “ On normal subgroups in the fundamental groups of complex sur-
faces”, GT/9808085.
[Ker83] S. Kerchoff, “The Nielsen realization theorem”, Bull. AMS 2 (1980), 452-454, An-
nals of Math. 117 (1983), 235-265.
[Kot99] D. Kotschick, “ On regularly fibered complex surfaces.”, Proceedings of the Kir-
byfest (Berkeley, CA, 1998), 291–298 (electronic), Geom. Topol. Monogr., 2, Geom.
Topol. Publ., Coventry, (1999).
[MKS66] W. Magnus, A. Karrass, D. Solitar “Combinatorial group theory”, Interscience
Publishers (1966) (Dover reprint 1976).
[Mok85] N. Mok, “The holomorphic or anti-holomorphic character of harmonic maps into
irreducible compact quotients of polydiscs”, Math. Ann. 272 (1985), 197-216.
[Mok88] N. Mok, “Strong rigidity of irreducible quotients of polydiscs of finite volume”,
Math. Ann. 282 (1988), 555-578.
[Mos73] G. Mostow, “Strong rigidity of locally symmetric spaces”, Ann. Math. Studies 78,
Princeton Univ. Press 1973.
[Se-So92] M. Seppala, T. Sorvali, “Geometry of Riemann surfaces and Teichmller spaces”,
North-Holland Mathematics Studies, 169. North-Holland Publishing Co., Amster-
dam, (1992) ii+263 pp.
16FABRIZIO CATANESE (UNIVERSITA¨TBAYREUTH) THIS ARTICLE IS DEDICATEDTO ADRIANOBARLOTTI ON THE OCCASIONOF HIS 80-TH BIRTHDAY.
[Sieg73] C.L. Siegel, ”Topics in complex function theory, Vol. II” Interscience Tracts in pure
and appl. Math., n. 25, Wiley, N.Y. (1973).
[Siu80] Y.T. Siu, “The complex analyticity of harmonic maps and the strong rigidity of
compact Ka¨hler manifolds”, Annals of Math. 112 (1980), 73-111.
[Siu87] Y.T. Siu, “Strong rigidity for Ka¨hler manifolds and the construction of bounded
holomorphic functions”, in ‘Discrete groups in geometry and analysis’, R. Howe
ed., Birkhauser 1987, 124-151.
[Tro96] A. Tromba, “Dirichlet’s energy on Teichmu¨ller’s moduli space and the Nielsen re-
alization problem”, Math. Z. 222 (1996), 451-464.
Author’s address:
Prof. Fabrizio Catanese
Lehrstuhl Mathematik VIII
Universita¨t Bayreuth, NWII
D-95440 Bayreuth, Germany
e-mail: Fabrizio.Catanese@uni-bayreuth.de
